Using Burgess's estimate for character sums and sieve methods, C. Hooley [4] proved that
(log x) 3/2 .
Guo [1] improved Hooley's result, giving an asymptotic estimate for the number N 1 (x) of ternary quadratic forms aX
which represent zero over Q and whose coefficients a, b, c are square-free rational integers, pairwise coprime and such that |a| ≤ x, |b| ≤ x, |c| ≤ x, and mentioned that the expected lower bound for H(x) is an immediate corollary. He proved that for x tending to ∞,
In what follows, we prove analogous results, with Z replaced by the ring F q [T ] , where F q is a finite field with q elements and odd characteristic. J.-P. Serre suggested this problem to the author who wants to thank him for that and for all his useful remarks. For the precise statement of the results, see Section 1. For example, a simple one is the following. Thus, q n acts as x in the rational case, and n acts as log x in the rational case.
Notations and statement of the results.
Let us fix some notation. Let q be a power of an odd prime number and let F q denote the finite field with q elements. Let A = F q [T ], resp. K = F q (T ). Let M, resp. I denote the set of monic polynomials of A, resp. the set of monic irreducible polynomials of A.
For any non-zero H ∈ A, let deg H denote the degree of H, let ω(H) denote the number of distinct monic irreducible divisors of H and let |H| = q Let (α, β, γ) be a triple of non-zero elements of the field K = F q (T ) and let L be any field containing K. If the equation αx is said to represent zero over the field L. We say that a quadratic form represents zero if it represents zero over the field K.
For positive integers m and n, let H 1 (m, n) denote the number of pairs (A, B) of square-free, coprime polynomials such that deg A = m, deg B = n and such that the quadratic form
represents zero. We first give an asymptotic estimate for the numbers H 1 (m, n) when max(m, n)log 2/log q < min(m, n).
Theorem A. Let θ be a real number such that log 2/log q < θ ≤ 1. For strictly positive integers m and n satisfying θ max(m, n) ≤ min(m, n), we have
mn if m and n are even, and in all other cases,
with the O-constants depending only on q and θ. In particular , for even strictly positive integer n,
n 2 , and for odd strictly positive integer n,
n 2 , with the O-constants depending only on q.
The proof of Theorem A contains all the tools for proving the following theorem which is the polynomial analogous of Guo's theorem. 
n 5/2 , with the O-constants depending only on q.
In this case, there are three poles in the sense of [6] and the term
Thanks to Weil's theorem on L-functions, the error term in Theorem B is better than that in Guo's theorem. Crucial to the proof is the formula (2.9) below. In order to avoid useless complications, we detail only the proof of Theorem A.
Let D be a square-free monic polynomial. Let H D (m, n) denote the number of pairs (A, B) ∈ A 
where the O-constants depend only on q and θ.
Theorem D. Let be a real number such that 3 log 2/2 log q < ≤ 1. Let m and n be strictly positive integers such that max(m, n) ≤ min(m, n). Then:
(i) if m and n are both even,
with the O-constants depending only on q and .
In the second section we study the distribution of the values of some multiplicative functions defined on the set M of monic polynomials of F q [T ] . Our proofs make use of Weil's theorem on L-functions. In the third section, making use of Hooley's idea, we prove an asymptotic estimate for the numbers H D (m, n), from which we deduce Theorem A. Theorem C is proved in the fourth section, and Theorem D in the fifth section.
Although we do not give explicit values of all constants occurring in this work, these constants are actually computable. Moreover, in general, they depend on q and other parameters. We agree that a constant denoted α(x 1 , . . . , x k ) depends only on q, x 1 , . . . , x k , or possibly only on x 1 , . . . , x k , and that a constant denoted by β depends only on q, or possibly is an absolute constant.
In order to simplify notation, in the following, we agree that unless otherwise stated, the polynomials occurring in the sums are monic and squarefree. for which 1
Multiplicative functions on
Proof. Apply the Cauchy and Stirling formulae.
Let H be a monic polynomial of positive degree and let χ be a character of the group G H formed by the invertible elements of the quotient ring A/AH. The character modulo H associated with χ is the multiplicative map ψ χ defined on the ring A by
s denoting the canonical morphism A → A/AH. In the following, we shall denote by the same symbol χ the character χ of the group G H and the map ψ χ associated with it. The arithmetic L-function associated with χ is the series
Obviously, this series has radius of convergence 1/q. By [3] we know that if χ is different from the unit character, then L(χ, z) is a polynomial of degree < deg H. We need the results provided by the second part of the following proposition only in the case where χ is quadratic. Since the general case poses no more difficulty, we prove the proposition in the general setting.
Proposition 2.2. (i)
Let ∈ ]0, 1/2[. Then there exists a constant α 2 ( ) such that for any polynomial K and for any integer n > 0,
where 
Proof. Let H be a monic polynomial, and let χ be a character of G H . If H = 1, the character modulo H associated with χ is assumed to be the constant map equal to 1. Let
The series
, f (z) may be expanded as an eulerian product:
the product on the left-hand side of (5) being absolutely convergent in
and by (5),
The first part of the proposition is then given by (8).
(ii) Assume that H = 1 and that χ is different from the unit character.
is holomorphic on D √ q. According to [5, Chapter 2], we associate with χ a non-principal quasicharacter θ of the idele group J(K) of the field K = F q (T ). Let L θ denote the L-function associated with the quasi-character θ. Let S be the union of the infinite place and the places associated with the irreducible divisors of H. According to [5, Theorem 3] , for any v ∈ S, there exists a complex number
According to Weil's theorem, L θ is a polynomial and if L θ is not equal to 1, its roots are algebraic integers of modulus q
. Then, by (9), (4), (10), (12) and (13),
. Now, by (5),
By (2), (15) and the Cauchy formula, we get
, we suppose that n ≥ 3 and we choose δ = 1/2 + 1/n. By (17),
We remark that (18) remains true for n = 1 or 2, proving the second part of the proposition. 
Proof. As for the above proposition. 
Proof. Let a n denote the number of square-free monic polynomials of degree n. Then a 0 = a 1 = 1 and a n = (1 − 1/q)q n . Hence,
whence (2.13). Let P be a monic irreducible polynomial. In view of (2.7) and (2.12),
and (2.14) follows. 
Proof. By a proof which mimics that of Proposition 2.2 one may get an asymptotic estimate for the sum occurring on the left hand side of (2.15) from which one may deduce the announced result.
Estimations for H D (m, n) and Q D (m, n).
Let us recall some facts about the polynomial Jacobi symbol. Let P ∈ I. The Legendre quadratic character modulo P is defined as follows. For A ∈ A coprime with P , let = 0 for polynomials A such that (A, D) = 1. We shall make use of some properties of this symbol collected in the following proposition.
(
ii) Let a be a non-zero element in the field F q . Let D be a monic, squarefree polynomial. Then a D = −1 if and only if a is not a square in F q and deg D is odd.
Proof. The first part is proved in [2] for irreducible X and Y . The multiplicativity of the symbol gives (3.3) and (3.4) in the general case. Let a be a non-zero element in F q . If a is a square in F q , then a P = 1 for any P ∈ I, and a D = 1 for any monic square-free D. Suppose that a is not a square in F q . Let α be a root of T 2 − a in an algebraic closure of F q . Then
Let P ∈ I. Then the field F |P | = F q deg P is the splitting field of P . Hence, α ∈ F |P | if and only if deg P is even. But α ∈ F |P | if and only if a is a square mod P . Hence, Let D be a monic square-free polynomial. We observe that H D (m, n) = H D (n, m). Using this symmetry, we may suppose m ≤ n. Moreover, in the following we shall suppose that
and that
Then H D (m, n) is the number of (A, B) ∈ Y such that the equation
If A ∈ Ξ, resp. if A ∈ Ξ , we denote by X A , resp. Y A , the set of polynomials B such that (A, B) ∈ X, resp. (A, B) ∈ Y. We recall our convention. Unless otherwise stated, the polynomials occurring in the sums below are monic and square-free. Proposition 3.2. We have
Proof. Let A and B be square-free non-zero elements of the ring A such that (A, B) = (A, D) = (B, D) = 1. For P ∈ I, let K P denote the P -adic completion of the field K. By the Hasse principle, the quadratic form (f D ) represents zero over K if and only if it represents zero over K P , for any P ∈ I. If P ∈ I does not divide ABD, then AD and BD are P -adic units and (f D ) represents zero over K P . If P ∈ I divides A, then (f D ) represents zero over K P if and only if BD is a square modulo P . If P ∈ I divides D, then (f D ) represents zero over K P if and only if −AB is a square modulo P . Hence, the quadratic form (f D ) represents zero over K if and only if
It follows that
We get (3.8) by interchanging the order of summation.
Following Hooley's idea, we split the sum H D (m, n) into subsums corresponding to different types of divisors. We need a new notation. For non-zero polynomials U , V and W we set
where
Proof. If X is a non-zero element of the ring A, we denote by X * the monic polynomial such that X and X * generate the same ideal. We split the right hand side of (3.8) into three subsums 2 ), that is to say,
Writing A and B as the product of a monic polynomial by a non-zero constant, we get
Making use of (3.3) and (3.4), we get
Suppose that m + deg D and n + deg D are both even. Then
and making use of Proposition 3.1(ii) we get
Suppose that m + deg D is odd. Then, by Proposition 3.1(ii), for any U ∈ Ξ and any b ∈ F *
The case where n + deg D is odd is similar. . Then, writing A, resp. B, as the product of a monic polynomial by a non-zero constant, we get
and similarly,
we obtain
Assume that m + deg D and n + deg D are both even. Then, as above,
Assume that m + deg D is odd. Then, as above,
Assume that n + deg D is odd and that m + deg D is even. Then, as above,
This completes the proof of (3.13). 
proving (3.15).
Proposition 3.4. There exists a constant β 1 such that
Proof. In view of (3.13) and (3.14), we have
By (2.9), if W = 1,
whence (3.17) follows with 
Let h be a non-negative integer such that
(1) h < n.
We divide τ (D , A , aA ) into two parts according as deg B ≤ h or deg B > h.
Making use of (3.4), we get
hence, by (3) and (3.9),
Since the sign of a B depends at most on the degree of B , by (4) we have
Let η be defined by
In view of (3.6) and (3.7), we have η < n and we may choose h = [η]. With this choice, by (2) , (5) and (6),
This gives (3.18).
Proposition 3.6. We have
Proof. By (3.15) and the definition of the sets Ξ and Ξ ,
We conclude by applying (3.18).
and λ (D) defined respectively by (2.7), (2.12) and (2.8).
Proof. In view of (3.20) and the definition of the set X(m, n),
Let ∈ ]0, 1/2[. In view of (2.5), (2.10) and (2.15),
with A and B defined by (2.6) and (2.11), and Θ and Ψ defined by (2.7) and (2.12). An easy computation leads to
In view of (2.7), we have 0 < Θ(D) ≤ 1, whence (3.21) follows with
We summarize what has been proved in this section in the following theorem. For D = 1, this theorem gives a more precise version of Theorem A. .
Estimations for
We get the expected result with (3), (6) and (9). 
Estimations for H(m, n). We recall that H(m, n) is the number

